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1) a) (1 mon�da) Ti onom�zoume suntetagmènh epif�neia enìc kampulìgrammou sust matoc sun-
tetagmènwn ui? D¸ste ton orismì thc fusik c kai thc antÐstrofhc fusik c b�shc enìc kampulì-
grammou sust matoc suntetagmènwn ui. Ta dianÔsmata poi�c apì tic duo parap�nw b�seic eÐnai
k�jeta stic suntetagmènec epif�neiec?
b) (1,5 mon�dec) 'Estw θ èna monìmetro mègejoc pou qarakthrÐzei èna suneqèc mèso, kai
θ = θ(ξ1, ξ2, ξ3, t), θ = θ(x1, x2, x3, t) oi ekfr�seic tou mèsw twn metablht¸n tou Lagrange kai
tou Euler antÐstoiqa. Na d¸sete ton orismì thc olik c (  swmatiak c) kai thc topik c parag¸gou
tou megèjouc θ. Na apodeÐxete th sqèsh pou sundèei tic duo autèc parag¸gouc.

LÔsh: a) Sel. 1 kai exÐswsh § 1 (1). Sel. 2-3 kai exis¸seic § 1 (5) kai (6). b) Sel. 50-52 kai
exis¸seic § 14 (5), (7) kai (8). Oi parapompèc anafèrontai sto biblÐo twn I.D. QatzhdhmhtrÐou
kai G.D. Mpìzh: `Eisagwg  sth Mhqanik  twn Suneq¸n Mèswn'.

2) To pedÐo taqut twn suneqoÔc mèsou dÐnetai apì tic sqèseic:

u1 = −e−tξ2, u2 = −ξ3, u3 = 2t,

ìpou t o qrìnoc, kai (ξ1, ξ2, ξ3) oi metablhtèc tou Lagrange. Na brejoÔn oi sunist¸sec α1, α2,
α3 thc epit�qunshc sunart sei twn metablht¸n (x1, x2, x3) tou Euler.

LÔsh: H taqÔthta dÐnetai sunart sei twn metablht¸n tou Lagrange, opìte h epit�qunsh sunart -
sei twn Ðdiwn metablht¸n eÐnai:

α1 =

(
du1
dt

)
ξi
= e−tξ2, α2 =

(
du2
dt

)
ξi
= 0, α3 =

(
du3
dt

)
ξi
= 2. (1)

Epomènwc gia na ekfr�sw tic sunist¸sec thc epit�qunshc wc sun�rthsh twn metablht¸n tou
Euler arkeÐ na ekfr�sw to ξ2 sunart sei twn (x1, x2, x3).

Apì tic ekfr�seic twn taqut twn èqoume:

u1 =
dx1
dt

= −e−tξ2 ⇒
∫

dx1 = −
∫

e−tξ2dt ⇒ x1 = e−tξ2 + c1.

H stajer� c1 prosdiorÐzetai apì tic arqikèc sunj kec x1 = ξ1 gia t = 0, opìte c1 = ξ1 − ξ2 kai
telik�

x1 = e−tξ2 + ξ1 − ξ2. (2)

Me an�logo trìpo brÐskoume eÔkola:

1Ta jèmata eÐnai isodÔnama. H selÐda twn jem�twn epistrèfetai mazÐ me tic apant seic.

H di�rkeia twn exet�sewn eÐnai 21
2 ¸rec.
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x2 = −ξ3t+ ξ2, (3)

x3 = t2 + ξ3. (4)

Apì thn (4) brÐskoume ξ3 = x3−t2. B�zontac aut  th sqèsh sthn (3) paÐrnoume ξ2 = x2+x3t−t3.
Opìte telik� gia tic sunist¸sec thc epit�qunshc èqoume apì thn (5):

α1 = e−t
[
x2 + x3t− t3

]
, α2 = 0, α3 = 2. (5)

3) H paramìrfwsh suneqoÔc mèsou dÐnetai apì tic sqèseic:

x′1 = (1 + a)x1 + a(x22 + x23)

x′2 = (1 + a)x2 + a(x23 + x21)

x′3 = (1 + a)x3 + a(x21 + x22)

ìpou 0 < a ≪ 1.
a) (0,5 mon�dec) Na exetasteÐ an h paramìrfwsh eÐnai apeirost    peperasmènh kai na brejeÐ o
tanust c paramìrfwshc.
b) (1,5 mon�dec) Na brejoÔn treÐc dieujÔnseic k�jetec metaxÔ touc me arq  to shmeÐo A(1, 1,−1),
twn opoÐwn h kajetìthta na diathreÐtai kai met� thn paramìrfwsh. Poioc eÐnai o suntelest c
sqetik c epim kunshc kat� m koc twn tri¸n aut¸n dieujÔnsewn?
g) (0,5 mon�dec) Na brejeÐ o suntelest c kubik c diastol c sto shmeÐo A. Lìgw thc paramìr-
fwshc o ìgkoc miac apeirost c sfaÐrac pou brÐsketai sto shmeÐo A ja auxhjeÐ, ja meiwjeÐ   ja
parameÐnei amet�blhtoc?

LÔsh: a) Ta dianÔsmata metatìpishc dÐnontai apì tic sqèseic:

w1 = x′1 − x1 = a(x1 + x22 + x23) = aw′
1

w2 = x′2 − x2 = a(x2 + x23 + x21) = aw′
2

w3 = x′3 − x3 = a(x3 + x21 + x22) = aw′
3

Mia paramìrfwsh eÐnai apeirost  ìtan
∂wi

∂xj
≪ 1. Apì tic parap�nw sqèseic blèpoume ìti

∂wi

∂xj
=

a
∂w′

i

∂xj
= ak ≪ 1 diìti k =

∂w′
i

∂xj
eÐnai peperasmènoc arijmìc. Epomènwc h paramìrfwsh eÐnai

apeirost .
Sthn perÐptwsh apeirost c paramìrfwshc ta stoiqeÐa tou tanust  paramìrfwshc dÐnontai apì

tic sqèseic ϵij =
1

2

[
∂wi

∂xj
+

∂wj

∂xi

]
. Opìte o tanust c paramìrfwshc eÐnai:

(ϵij)(x1,x2,x3) =

 a a(x1 + x2) a(x1 + x3)
a(x1 + x2) a a(x2 + x3)
a(x1 + x3) a(x2 + x3) a

 (6)

b) O tanust c paramìrfwshc gia to shmeÐo A(1, 1,−1) eÐnai

(ϵij)A =

 a 2a 0
2a a 0
0 0 a

 . (7)
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Oi zhtoÔmenec dieujÔnseic kajorÐzontai apì ta idioanÔsmata tou pÐnaka (7). Oi idiotimèc tou pÐnaka
brÐskontai apì thn exÐswsh∣∣∣∣∣∣

a− λ 2a 0
2a a− λ 0
0 0 a− λ

∣∣∣∣∣∣ = 0 ⇒ (a−λ)
[
(a− λ)2 − (2a)2

]
= 0 ⇒ (a−λ)(−a−λ)(3a−λ) = 0,

kai eÐnai

λ1 = a, λ2 = −a, λ3 = 3a. (8)

To idiodi�nusma pou antistoiqeÐ sthn idiotim  λ1 = a brÐsketai apì th lÔsh tou sust matoc 0 2a 0
2a 0 0
0 0 0

 x1
x2
x3

 = 0 ⇒


2ax2 = 0
2ax1 = 0
0x3 = 0

⇒


x2 = 0
x1 = 0
x3 ∈ R

.

Jètontac aujaÐreta x3 = 1 paÐrnw èna idiodi�nusma thc morf c

X⃗1 =

 0
0
1

 . (9)

DouleÔontac antÐstoiqa kai gia tic 2 �llec idiotimèc brÐskoume ta idiodianÔsmata

X⃗2 =

 1
−1
0

 , (10)

X⃗3 =

 1
1
0

 . (11)

Ta 3 aut� idiodianÔsmata eÐnai k�jeta metaxÔ touc, afoÔ ta eswterik� touc ginìmena eÐnai mhdèn.
O suntelest c sqetik c epim kunshc li kat� m koc twn tri¸n aut¸n axìnwn isoÔtai me thn

ek�stote idioatim . Epomènwc èqoume sustol  mìno kat� th dieÔjunsh tou �xona X⃗2 afoÔ

l1 = λ1 = a > 0, l2 = λ2 = −a < 0, l3 = λ3 = 3a > 0. (12)

g) Sthn perÐptwsh apeirost c paramìrfwshc o suntelest c kubik c diastol c θ isoÔtai me
to Ðqnoc tou o tanust  paramìrfwshc (7)

θ = ϵ11 + ϵ22 + ϵ33 = λ1 + λ2 + λ3 = 3a > 0. (13)

Epeid  o suntelest c kubik c diastol c eÐnai jetikìc katalabaÐnoume ìti o ìgkoc thc apeirost c
sfaÐrac ja auxhjeÐ.

4) H kat�stash t�shc se suneqèc mèso kajorÐzetai apì ton tanust  t�shc:

p11 = kx3, p12 = −kx2, p13 = −kx1, p22 = kx1, p23 = −kx3, p33 = kx2,
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ìpou k stajer�. Na upologisteÐ h sunolik  epifaneiak  dÔnamh pou askeÐtai sto ulikì hmikÔklio
x21 + x22 = 1, x1 ≥ 0, pou brÐsketai sto epÐpedo x3 = 0. ShmeÐwsh: To stoiqeÐo epif�neiac se
polikèc suntetagmènec (ρ, θ) eÐnai dσ = ρdρdθ.

LÔsh: H genik  morf  tou tanust  t�shc eÐnai

(Tij) =

 kx3 −kx2 −kx1
−kx2 kx1 −kx3
−kx1 −kx3 kx2

 .

Gia epif�neiec sto epÐpedo (x1, x2), dhlad  gia x3 = 0, o tanust c t�shc paÐrnei th morf 

(T12ij) =

 0 −kx2 −kx1
−kx2 kx1 0
−kx1 0 kx2

 ,

kai h antÐstoiqh t�sh eÐnai

p⃗ = T12n⃗ =

 0 −kx2 −kx1
−kx2 kx1 0
−kx1 0 kx2

 0
0
1

 ⇒ p⃗ =

 −kx1
0

kx2

 ⇒ p⃗ = −kx1e⃗1 + kx2e⃗3.

H zhtoÔmenh dÔnamh brÐsketai apì to olokl rwma F⃗ =

∫∫
p⃗dσ. O upologismìc tou oloklhr¸-

matoc gÐnetai polÔ eÔkola an qrhsimopoi soume polikèc suntetagmènec x1 = ρ cos θ, x2 = ρ sin θ,
opìte sÔmfwna me th shmeÐwsh èqoume dσ = ρdρdθ. Telik� gia thn dÔnamh brÐskoume

F⃗ =

∫∫
p⃗dσ =

∫ 1

0

∫ π
2

−π
2

(−kρ cos θe⃗1 + kρ sin θe⃗3) ρdθdρ =

=

∫ 1

0

(
−kρ2 [sin θ]

π
2

−π
2
e⃗1 + kρ2 [− cos θ]

π
2

−π
2

)
dρ = −

∫ 1

0
2kρ2e⃗1dρ = −2k

3
e⃗1

.
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